
ANL-7627 

argonnc Bational taboratorg 
FUNCTIONALS FOR FLUX SYNTHESIS 

WITH DISCONTINUOUS TRIAL FUNCTIONS 

by 

P. Lambropoulos and 

Victor Luco 



The facilities of Argonne National Laboratory are owned by the United States Govern­
ment. Under the terms of a contract (W-31-109-Eng-38) between the U. S. Atomic Energy 
Commission, Argonne Universities Association and The University of Chicago, the University 
employs the staff and operates the Laboratory in accordance with policies and programs formu­
lated, approved and reviewed by the Association. 

MEMBERS OF ARGONNE UNIVERSITIES ASSOCIATION 

The University of Arizona 
Carnegie-Mellon University 
Case Western Reserve University 
The University of Chicago 
University of Cincinnati 
Illinois Institute of Technology 
University of Illinois 
Indiana University 
Iowa State University 
The University of Iowa 

Kansas State University 
The University of Kansas 
Loyola University 
Marquette University 
Michigan State University 
The University of Michigan 
University of Minnesota 
University of Missouri 
Northwestern University 
University of Notre Dame 

The Ohio State University 
Ohio University 
The Pennsylvania State University 
Purdue University 
Saint Louis University 
Southern Illinois University 
University of Texas 
Washington University 
Wayne State University 
The University of Wisconsin 

LEGAL NOTICE 

This report was prepared as an account of Governnnent sponsored work. 
Neither the United States, nor the Commission, nor any person acting on behalf 
of the Commission: 

A. Makes any warranty or representation, expressed or innplied, with re­
spect to the accuracy, completeness, or usefulness of the information contained 
in this report, or that the use of any information, apparatus, method, or process 
disclosed in this report may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for dannages r e ­
sulting from the use of any information, apparatus, method, or process disclosed 
in this report. 

As used in the above, "person acting on behalf of the Commission" in­
cludes any employee or contractor of the Commission, or employee of such 
contractor, to the extent that such employee or contractor of the Commission, 
or employee of such contractor prepares, disseminates, or provides access to, 
any infornnation pursuant to his employment or contract with the Commission, 
or his employnnent with such contractor. 

Printed in the United States of America 
Available fron:i 

Clearinghouse for Federal Scientific and Technical Information 
National Bureau of Standards, U. S. Department of Con:in:ierce 

Springfield, Virginia 22151 
Price: Printed Copy $3.00; Microfiche $0.65 



ANL-7627 
Mathematics and Computers 

ARGONNE NATIONAL LABORATORY 
9700 South Cass Avenue 
Argonne, Illinois 60439 

FUNCTIONALS FOR FLUX SYNTHESIS 
WITH DISCONTINUOUS TRIAL FUNCTIONS 

by 

P. Lambropoulos and 
Victor Luco 

Reactor Physics Division 

October 1969 



ARGONNE NATIONAL LABORATORY 
9700 South Cass Avenue 
Argonne, Illinois 60439 

ANL-7627, Functions for Flux Synthesis 

with Discontinuous Trial Functions 

by 

P. Lambropoulos and Victor Luco 

ERRATUM 

Page 5, paragraph two under "INTRODUCTION," please change line 3 to read: 

. . .divergences, it has been deemed necessary to. . . 

r<!l> Xy^^Xh^l^^-r^ 

Alvin Glassnei-
Technical Publications Department 

March 5, 1970 





T A B L E OF C O N T E N T S 

P a g e 

A B S T R A C T 5 

INTRODUCTION 5 

EVALUATION OF THE FUNCTIONALS 6 

SOME M A T H E M A T I C A L P R O B L E M S AND COMPARISON TO 

P R E V I O U S WORK 16 

R E F E R E N C E S 23 





FUNCTIONALS FOR FLUX SYNTHESIS 
WITH DISCONTINUOUS TRIAL FUNCTIONS 

by 

Lambropoulos and 
Victor Luco 

ABSTRACT 

It is shown that the functionals originally used in 
variational flux synthesis with continuous t r ia l functions 
can also be used with discontinuous functions, provided they 
are modified so as to yield physically meaningful station-
arity conditions at the discontinuity interfaces. It is fur­
thermore demonstrated that various functionals proposed 
in the past for such use are equivalent, without any among 
them having any added validity. Some mathematical diffi­
culties that had been attributed to the use of discontinuous 
t r i a l functions are clarified and sho'wn to have been the 
result of inappropriate calculational methods. 

INTRODUCTION 

The functionals originally used' to formulate the methods of var i ­
ational flux synthesis had the second-order diffusion equation and its ad­
joint as their Euler-Lagrange necessary conditions for stationarity. The 
class of admissible or t r ia l functions used was the class of functions that 
are continuous in the reactor volume, with sectionally (or piecewise) con­
tinuous first derivatives. 

It has often been stated^'^ that such functionals will not remain finite 
when the class of admissible functions includes sectionally continuous func­
tions. To avoid these divergences, we have deemed it necessary to intro­
duce special functionals^ having f i rs t -order Euler-Lagrange equations. It 
has also been stated^'^ that the value of this new type of functional is am­
biguously defined when evaluated with discontinuous t r ia l functions. 

This report shows that the aforementioned divergences and ambi­
guities do not a r i se if the t r ia l functions are consistently interpreted as 
sectionally continuous functions, with sectionally continuous first deriva­
tives. Then it will be seen that, to obtain physically meaningful stationarity 
conditions at the discontinuity interfaces, one needs to modify both the f irst-
and the second-order functionals. However, the various modified functionals 



that will generate the appropriate interface conditions are not uniquely 
determined. They are all equivalent without any among them having any 
added validity. 

The following section is devoted to the derivation and discussion of 
the various functionals for discontinuous t r ia l functions. The list of such 
functionals presented in this report should be considered as representat ive 
rather than as exhaustive. 

The last section takes up some pertinent mathematical problems. 
It is shown there that the apparent divergences and ambiguities have been 
caused by the use of inappropriate calculational methods and not by the 
discontinuous trial functions. 

EVALUATION OF THE FUNCTIONALS 

The functionals originally used to formulate the method of varia­
tional flux synthesis with continuous t r ia l functions are of the type 

The type proposed to be used with discontinuous t r ia l functions is 

(2) F[cp,cp?"j,j*] = / ( 9 * - ^ - J * ^ + 9 * A 9 - j * D - ' j ) d x . 

For simplicity, a one-dimensional system extending from x = a to 
X = b has been assumed, and all the nondiffusion t e rms in the group-
diffusion operator have been lumped together into the A operator. For the 
same reason, the time dimension has been excluded and zero flux and ad­
joint boundary conditions will be imposed throughout. Any or all of these 
limitations could be removed without affecting the argument. 

The classes of admissible functions to be used in the evaluation of 
the functionals are: for J[cp,cp*], the class of functions cp{x) and cp*(x) that are 
sectionally continuous* with sectionally continuous first derivatives in [a,b], 
assuming zero values at x = a and x = b; for F[tp,tp*j,j*], the same class 
of functions tp(x) and cp*(x), plus the class of functions j(x) and j*(x) that are 
sectionally continuous with sectionally continuous first derivatives in [a,b]. 

The term 'sectionally continuous" is used here in the conventional 
sense, and it implies that the function in question is continuous almost 
everywhere in [a.b], that is , at all points except for a set of points of 



measure zero. For the purposes of this report , such a set will be assumed 
to consist of a finite number of points. At the points of discontinuity, the 
value of the function is assumed to have finite (but different) limits from 
the left and the right. This type of discontinuity will be referred to as jump 
discontinuity. (These conditions could be relaxed to admit discontinuous 
functions with unbounded limits from either side, provided such functions 
were square integrable.) 

Again for the sake of simplicity, we will assume that there is only 
one point (x = xj) inside [a,b] where the functions cp, cp*, dcp/dx, dcp*/dx, j , 
and j * can have a jump discontinuity. At that point XQ, the derivatives 
dtp/dx, dcp*/dx, dj/dx, and dj*/dx do not exist. The functions cp and tp* may 
or may not be defined at x = Xg. 

The functionals j[cp,cp*] and F[cp,tp?'j,j*], being the integrals of sec­
tionally continuous functions, are now well defined, finite, and given by 

j[cp,cp*]=J^'(^Dg.,*A,)dx 

and 

F[cp,cpfj.J*] = ( v * ^ - J * - g + = P * A t p - . J * D - ' j ) d x 

= j ° ( c p * i i - j * - ^ + c p * A c p - j * D - ' j ) d x 

J Xo 

(4) 

The integral 

^0 / " 

f(x) dx + / f(x) dx 
a 

is a short-hand notation for 



l i m I f(x) dx + I f(x) dx 
' a 7xo+e 

w h e r e the l imi t is taken af ter the i n t eg ra t i on is p e r f o r m e d . It i s in t h i s 
s ense that al l i n t e g r a l s over [a ,b] should be u n d e r s t o o d in th i s r e p o r t . F o r 
the c l a s s of functions c o n s i d e r e d h e r e , such i n t e g r a l s wi l l a lways be f ini te 
and independent of wha teve r va lue one migh t a s s i g n to the function at XQ, 
for th is i s a set of m e a s u r e z e r o . M o r e o v e r , s i nce the funct ions in q u e s ­
tion a r e continuous in each of the i n t e r v a l s [a, XQ - e] and [XQ + e, b ] , one can 
in t eg ra t e by p a r t s and then take the l i m i t for e "* +0. Us ing th i s p r o c e d u r e 
of in tegra t ion by p a r t s in Eq. 3, one finds that the func t iona l j[cp,cp*] can be 
wr i t t en in two other equivalent f o r m s ; i . e . , 

J[cp,tp*] = cp?D.cpL - cp+D^cp^ 

+ / 9* d x , (5) 

where 

j[cp,cp*] = cp*'D_cp_ - tf*'D_^_if_^ + 

l im D(x(, - e) = D , 

_d_ 
dx {^ - ) ^ ^-' cp dx, (6) 

l im D(XQ + e) 

l im cp(x(, - e) = cp_. 

and 

l im cp(xo + e) = cp, , 

,. dcp 
l i m —-L 
e^o dx 

l im i^ 
e-^o dx 

xo -e 

xo+e 
9+' 

and s imi l a r ly for cp* and i t s d e r i v a t i v e s . Note tha t if a function h a s a jump 
discontinuity, say at Xo, i t s d e r i v a t i v e m a y a p p r o a c h infini ty f r o m the left 



a n d / o r the r i g h t . One can r e a d i l y show, h o w e v e r , tha t t h i s wi l l be an in ­
t e g r a b l e s i n g u l a r i t y . T h e r e f o r e , s i n c e , for e x a m p l e , dcp(x)/dx is a s s u m e d 
to have only j u m p d i s c o n t i n u i t i e s , the i n t e g r a l 

wi l l be f ini te ( p rov ided of c o u r s e , tha t D(x) i s bounded and d i f f e r en t i ab l e , 
wh ich i s a s s u m e d to be the c a s e ) . 

By m e a n s of the s a m e t r a n s f o r m a t i o n , the funct ional F can be 
w r i t t e n in t h r e e o the r equ iva len t f o r m s : 

F[cp,cp*,j,j*] = cp!j . - cp*H + / ( - ^ j - j * | l + c p * A c p - j * D - ' j ) dx, (7) 

F[cp,cp*j,j*] = j*cp+ - j?cp. + / ( t p * ^ + ^ c p + cp*Acp- j * D - ' j ) dx, (8) 

^ ' • • - d t p * 
F[cp,cp*j,j*] = cp?j. - 9 * j ^ - j*cp. + j*cp^ + / ( - ^ cp 

+ cp*Acp - j * D " ' j j dx, « (9) 

w h e r e , as b e f o r e j , j , , j * , and jif i nd i ca t e l imi t ing va l u e s of t h e s e funct ions 
a t X = XQ. 

The s t a t i o n a r i t y cond i t ions for j[cp,cp*] and F[cp,cpfj,j*] can be ob­
t a ined f r o m any of t h e i r equ iva len t f o r m s . Using E q s . 1 and 2 r e s u l t s in 

6J P /d6cp* D i £ + ^ D 4 ^ + 6cp*Acp + cp*A6cp) dx, (lOa) 
/ \ dx dx dx dx / 

and 

- 6 j * D ' ' j - j * D ' ' 6 j j d x , (lOb) 
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and in tegra t ing by p a r t s gives 

Tb 
6J 

a n d 

Sep* 
d 

d^ (°a + Acp 
d / d 9 ^ 

d x \ d x ") + cp*A 6cp > dx 

6cp*D_cp:. - 6cp*D^cp:^ + cp:.*D_6cp_ - cp;^*6cp^, 

^-^£HS^^^)-«HS^°"0 

(10c) 

(s*»-")''-(^*'-') 
+ cpiSj- - cp+6j+ - j ? 6 9 - + j*6cp+. 

6j d x 

( lOd) 

S i n c e 6cpJ, 6cpT, 5cp_, 6cp^., 6 j _ , a n d 6j_|. a r e i n d e p e n d e n t a r b i t r a r y v a r i a t i o n s , 

6 J = 0 a n d 6 F = 0 i m p l y t h e f o l l o w i n g c o n d i t i o n s a t XQ: 

a n d 

9_ 

V+ 

£P+ = j? 

9+ 

+ 

f o r J , 

f o r F . 

On p h y s i c a l g r o u n d s , t h e d e s i r e d c o n d i t i o n s a t XQ a r e 

tp+ = 9 - . 9 * = 9 * 

D .̂cp:j_ = D.cpL, D^cp*' = D_cp*' 
> f o r J , 

(11) 

(12) 

(13) 

a n d 

f o r F . (14) 

C l e a r l y , t h e f u n c t i o n a l s j[cp,cp*] a n d F[cp,cp*j , j*] w i l l b e s t a t i o n a r y fo r 
f u n c t i o n s cp, cp* j , a n d j * t h a t d o n o t s a t i s f y t h e a p p r o p r i a t e i n t e r f a c e c o n d i ­
t i o n s a t X = Xo a n d a r e t h e r e f o r e u n a c c e p t a b l e . 

T o o b t a i n t h e p r o p e r i n t e r f a c e c o n d i t i o n , w e m u s t m o d i f y t h e f u n c ­
t i o n a l s J a n d F , b y a d d i n g t e r m s d e f i n e d a t t h e i n t e r f a c e . 
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The fol lowing modi f ied func t iona ls have t h e i r s t a t i o n a r y value for 
funct ions cp, cpf j , and j * wh ich sa t i s fy cond i t ions 13 or 14 at x = XQ: 

Jz[cp.cp*] = c.(D^cpV-D.cpl.) + e(cp+-cp.)+ / c p * | ^ ^ ( D g ) -

dx, 

A9 

(15) 

dx, (16) 

J3[cp,9*] = (cp* - cp*) cy + (9t'Ei+ - 9 ? ' D J P [i(^")-'- cp dx. 

(17) 

J 4 [ 9 . 9 * . Y ] = ( 9 * - 9 - ) [ Y D + 9 + + (1 - Y) D -9 - ] + [ Y 9 * ' D + + ( l - Y) 9 * ' D J ( 9 + - 9 - ) 

( ^ D S . c p * A 9 ) d x , (18) 

F, [9 .9 * . j . j * ] = c.(cp+-cp.) + P ( j+ - j _ ) + / ( 9 * 1 ^ - j * | f + 9 * A 9 - J * D " ' j ) dx. 

F2[9.9* .JJ* ] = c^(cp+-cpj + (cp:f-9!) B 

^X'(-s-^*s^^*^^-*--o dx. 

(19) 

(20) 

F3[9.9*.J.J*] = { j + - j * ) Q- + e ( j + - j . 

^ / ^ ( ^ * I ^ ^ ^ = P + ^*^^"J*°"'j) dx. (21) 

F4[9.9*.J.J*] = ( J t - J - ) " + (9^ -=? - ) ^ 

^ / ' S = P - ^ J ^ = P * ^ = P - ^ * ° " ' j ) ^ ^ ' 
(22) 
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and 

F5[cp,cp*,j,j*,Y] = [Y9i + (1 - Y) 9 * ] ( J+ - j - ) - I v j * * + ( 1 - Y ) j f ] ( 9 + - 9 - ) 

(cp* 
dx - J' - Z . + cp*A9 • 

dx. 
j * D 

•'•) 
dx. (23) 

where a and 3 are undetermined multipliers defined at the interface, and 
Y is a numerical parameter. Buslik' first proposed functionals Ji[cp,cp*] 
and F2[cp,cp*,j,j*]. The functionals Jz, J3, Fi, F3, and F4 are of the same 
type. Functional J4[cp,cp*,Y] is of the type proposed by Pomraning^ for the 
self-adjoint Sturm-Liouville equation. F5 for y = 1/2 coincides with the 
functional used by Wachspress and Becker,^ and a similar form was 
proposed by Pomraning^ for time-dependent problems. 

We will now show that the stationarity conditions for Ji[cp,cp*], 
J4[cp,cp*,Y]. Fi[cp,cp*,j,j*], and F5[cp,cp*,j,j*;Y] are the appropriate ones for 
the physical problem. The demonstration for J2, J3, F2, F3, and F4 would 
essentially be the same and will thus not be carr ied out. The first var ia­
tions for Ji, J4, Fi, and F5 are 

SJ, 6cp* _d_ 
d^ 

( D ^ ) + A9 d x / 
/dcp* 

dx \ dx + cp*A Sep/' dx 

+ { 9 * - 9 * ) Sĉ  + 6 3 ( 9 + - 9 . ) + 6cpi(D_cp:. - Q') + 69:j!(ci'- D.^9:^) 

+ { c p r D _ - p ) 6cp_ + ( 3 - c p * ' D + ) 6cp+, 

Tb 

(24) 

6 J 4 ( Y ) E(°S) + A9 _d_ 
dx (S=")*'- 6cp >• cix 

+ ( 9 * - 9 ? ) [ Y D + 6 9 ; + (1 - Y ) D - 6 9 J + [yecp^f'D^ + ( l - Y) 6cp?'D_](cp+- cp. 

- [ Y 6 9 * + (1 - Y ) 6 9 | ] ( D + 9 + - D - 9 L ) - ( 9 * ' ° + - 9 * ' D + ) [ Y 5 9 - + ( l - Y) ^9+]. 

(25) 

6 F , 

- ( ¥ + J * ° " ' ) S j j d x + 6cv(cp+-cpJ + 6 p ( j + - j _ ) 

+ O t + ô ) 6cp+ - (a + j*) 6 9 . + ( p - 9 * ) a j+ + ( 9 ? - P ) 6 j . , (26) 
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and 

6F5(Y) j ^ ' [ . 9 * ( t . A 9 ) . ( ^ . 9 * A ) 6 9 - a . * ( § . D - M ) 

( - ^ + j * D - ' ) 6 j dx + [Y69* + ( 1 - Y ) 69t](J+-J-) 

[Y6J* + (1 - Y ) 6j* ](9+-9.) + ( J T - J * ) [ Y 6 9 - + (1 - Y) 69+] 

- ( 9 * - 9 ? ) [ Y 6 J + + (1 - Y) 6 j J . 

The s t a t i o n a r i t y cond i t ions as u s u a l follow f r o m r e q u i r i n g 6J1 
6F1 = 6F5 = 0. In t h e s e c a s e s , in the r e a c t o r vo lume , they a r e 

a n d •• for J i and J4; 

• for Fi and F5; 

a n d 

| ^ . A 9 ^ 0 , 

fx^--'^-^^ 

• ^ + 9*A = 0, dx 

^ + j * D - ' = 0 
dx •' 

p lus the fol lowing i n t e r f a c e cond i t ions : 

9+ = 9-' 

9 : = f*. 

D + 9:̂  = D.9;. = Q', 

a n d 

9*'D.^ = 9?'D. = 0 

> for J, 

(27) 

= 6J4 

(28) 

(29) 

(30) 
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and 

and 

and 

and 

9+ = 9- . 

9* = 9?. 

D^9^. = D_9|., > for J 

cp*'D+ = cp!'D. J 

9+ = 9-

J+ = J-

j * = j * = -Q., 

• n * = r o * 

]. for Fi, 

. for F j . 

(31) 

(32) 

(33) 

= 9! 

9+ = 9 

j+ = J-

j * = j * 

* » 
cp+ = 9 * J 

These are the required differential equations and interface condi­
tions. Consequently, any of the functionals Jj , J4, F j , or F5 can be used for 
the formulation of a variational flux-synthesis approximation using discon­
tinuous trial functions. The same conclusion applies to Jj , J3, F2, F3, and F4. 

Just as it was shown before for J and F, the functionals Jj , J^, J3, 
J4. Fi, F2, F3, F4, and F5 can be written in several equivalent forms. 

For brevity, the different equivalent forms will be shown only for J,, 
J4, Fj, and F5. 

J. = 9!(D.9L - P) + CPKP -D+cp;) + c.(cp+- cp.) + [^ L*\- ~{D ^ ) + A J | dx 

= (9 -D . - . ) , . +(„.<,J,D,)cp, + ( c p , - 9 ! ) P + r [ - ^ ( ^ D ) + , * A ] c p d x ; (3^^ 
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J4(Y) = [ Y 9 * ' D + + (1 - Y) 9 * ' D - ] ( 9 + - 9 - ) - [ Y 9 * + (1 - Y) 9 * ] { D + 9 + - D - 9 -

+ / 9* 
d 

• d ^ ^ 
dx 

= (9+ - 9 ! ) [ Y D + 9 V + (1 - Y) D.9L] - (9* 'D+ " 9 * ' D - ) [ Y 9 - + (1 - Y) 9+] 

d 
dJ' 

9 dx; . g D ) . 9 * A _ 

F, = (B - 9*) j+ + (9? - g) j . + c (̂9+ - 9-) 

= ( j * + ĉ ) 9+ - {}* + a) 9- + P ( j + - j _ ) 

+ / ( 9 * ^ + 9 5 ^ + 9 * A 9 - J *D" ' j ) dx 

= ( j * + ĉ ) 9+ - ii* + c) 9- + ( 3 - 9 + ) j+ + ( 9 * - e ) j -

F 5 ( Y ) = - [ Y J | + (1 - Y) J? ] (9+ -9 - ) - ( 9 T - 9 ? ) [ Y J + + (1 - Y) j . ^ 

= ( j | - J * ) [ Y 9 - + (1 - Y) 9+] + [ Y 9 ? + (1 - Y) 9T](J+ - j - ) 

+ / ( c p * | i + ^ 9 + 9 * A 9 - j * D - ' j ) dx 

= (it - i*-)iyf. + (1 - Y) 9+] - (9T - 9 - ) [ Y J + + (1 - Y) j . ] 

(35) 

(36) 

(37) 



SOME MATHEMATICAL PROBLEMS AND 
COMPARISON TO PREVIOUS WORK 

In the preceding section, it was stated that integrals of sectionally 
continuous functions over [a,b] are well defined and finite. This statement 
is based on a fundamental theorem of the theory of integration. (See p. 163 
of Ref. 7.) But since it seems to contradict Ref. 2 (p. 194), where it is 
argued that such integrals diverge, it is perhaps worthwhile to consider 
the problem in some detail. 

Let fi(x) and f2(x) be two sectionally continuous functions, with sec­
tionally continuous first derivatives, having jump discontinuities at x = XQ, 
where XQ is assumed to be inside [a,b]. In Ref. 2, it is argued that under 
these conditions, the integral 

/ fl(x)f2(x) dx. 

where f' (x) = df(x)/dx, diverges. This is based on the following argument: 

The sectionally continuous function f(x), with a jump discontinuity at 
XQ, is approximated (for JX-XQI < T\, where T) > 0) by 

f(xo + Tl) + f ( xo -T l ) X - Xo 
f (x ) = + - y f j — [f(xo + 11) - f(xo - Tl)]. (38) 

Let the right side of Eq. 38 be denoted by f"n(x), in order to explicitly ex­
hibit its dependence on the parameter T). The integral over [a,b] is then 
broken up in three integrals over the intervals [a, Xg - T|], [XQ - T|, XQ + l]] and 
[xo + T|,b]. If one uses Eq. 38 to express fi(x) and f2(x) in the interval 
|x - Xo[ s i]_ and then calculates 

lim / 
'^°+^ dfin(x) df,^(x) 

(39) 

one finds that this indeed diverges. Thus one seems to be forced to con­
clude that 

f^ dfi(x) df3(x) 

J^ ^T^T ^ (40) 

diverges. That this conclusion is erroneous, however, can be easily dem­
onstrated by considering the trivial case 
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f,(x) = f2(x) = e(x), (41) 

w h e r e 9(x) i s the s t ep function defined by 

e(x) = 1 for x > 0 "I 

} (42) 
= 0 for X < 0. J 

The d e r i v a t i v e d 9 / d x e x i s t s and is we l l defined and equa l to z e r o for a l l x, 
excep t X = 0, wh ich i s a se t of m e a s u r e z e r o . It i s obvious t h e r e f o r e tha t 

/ : 

de de ^ „ ,^,, 
— — dx = 0 (43) 
dx dx 

and not in f in i t e , as Eq . 39 s e e m s to imp ly . 

The e x p l a n a t i o n of the d i s c r e p a n c y l ies in the fact tha t , in g e n e r a l , 

/ . x „ - T l ^ .x„+T1 ^ ^ ^ b ^ ^ 
i m / f'iTlf2Tl dx + / f'lTlfzTl dx + / f'lVi'zl 
"*+" V a ->'xo-Tl -'xo+n ^ • V a " X o - i| -^OT-M / j ^ ^ j 

What one a c t u a l l y does in a p p r o x i m a t i n g the d i s con t i nuous funct ion f(x), as 
in Eq. 38, i s e x p r e s s f(x) as the l i m i t of a s e q u e n c e of funct ions ij\(x) for 
T\ — +0. The s e q u e n c e {f-n(x)} does indeed c o n v e r g e to f(x) as T) -• +0, but the 
c o n v e r g e n c e is no t u n i f o r m . Tha t t h i s c o n v e r g e n c e is not u n i f o r m can be 
r e a d i l y s e e n us ing the u s u a l (e,6) r e a s o n i n g . But ,wi thout going into tha t 
proof, a l l one h a s to o b s e r v e i s tha t the funct ions fT|(x) a r e cont inuous in the 
i n t e r v a l [xo - T), XQ + TI], whi le f(x) i s d i s con t inuous at XQ which is con ta ined in 
the above i n t e r v a l for a l l Tl. And, a c c o r d i n g to a b a s i c t h e o r e m of Rea l 
A n a l y s i s (p. 239 of Ref. 7), if a s e q u e n c e of cont inuous funct ions c o n v e r g e s 
u n i f o r m l y to s o m e funct ion, then tha t l i m i t function m u s t be con t inuous . 
T h e r e f o r e , ij\{x} canno t c o n v e r g e u n i f o r m l y to f(x). Since th i s c o n v e r g e n c e 
i s not u n i f o r m , a l l one can say is t ha t 

l i m 
.Tl-

n j f l n f a n ) dx = / f'i(x)fi(x) dx, (45) 

but the l i m i t canno t g e n e r a l l y be t aken a f te r the i n t e g r a t i o n ( see , for ex ­
a m p l e , Ref. 7, p . 241). It i s p r e c i s e l y for th i s r e a s o n tha t e x p r e s s i o n s 39 
and 40 do not give the s a m e r e s u l t . Thus the d i v e r g e n c e a p p e a r i n g in Ref. 2 
i s an a r t i f a c t of the c a l c u l a t i o n and not a p r o p e r t y of s e c t i o n a l l y con t inuous 
func t i ons . 



Another apparent ambiguity that has appeared in the l i terature^-Ms 
the assertion that, if one uses discontinuous functions in an integral of the 

form 

/ f(x)g'(x)dx, 

then one is led to ambiguous integrals of the form 

/"b 
e(x-xo) 6(x-Xo) dx. 

' a 

where e(x) is the step function and 6(x) the delta function. Evidently, the 
basis for this statement seems to lie in the assumption that if, for example, 
one has the integral 

/ e(x-xo) e'(x-xo) dx, (46) 

where Xo is inside [a,b], then one can replace S'(x - Xo) by the delta function. 
Again, that this cannot be the case is easily seen if one recalls that 9'(x-xo 
is zero for all x / XQ, and therefore Eq, 46 vanishes; if one introduces the 
delta function, the resulting expression is meaningless (see also Eq. 56). 

To resolve the difficulty, one should recal l the conditions under 
which the derivative of a discontinuous function can be interpreted as a 
delta function. Let 9(x) be a function that is bounded and continuous every­
where in a closed interval [a,b] and is also infinitely differentiable every­
where in [a,b]. Let f(x) be a function that has a jump discontinuity at Xg 
(which is assumed to be inside [a,b]) and be continuous, differentiable, and 
bounded otherwise. Let it be assumed, for simplicity, that both functions 
vanish at x = a and x = b. Consider now the integral 

f(x)9' (x) dx. 

and break it up in two integrals over the intervals [a, Xo - e] and [xg+ e, b]. 
Each of the two integrals can then be integrated by parts and the limit for 
e ^ +0 be taken. The result is 

fh Tb 
I f(x)9'(x) dx = -Af9(xo) - I 9(x)f'(x) dx, (47) 
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w h e r e 

i f = l i m f(xo+ e) - l i m f(XQ - c) = f*" - fV (48) 
s-»+o e-»+o 

Now, s i n c e 9(x) is con t i nuous , d i f f e r en t i ab l e , e t c . , in [ a ,b ] , and in p a r t i c u l a r 
at XQ, one can w r i t e 

9(^0) = / 9(x)6(x-Xo) dx, (49) 

and, upon subs t i t u t i ng Eq . 49 in to Eq. 47, one obta ins 

/ f(x)9 '(x) dx = - / [Af6(x-Xo) + f '(x)9(x)] dx. (50) 

J a. J a 

I n t r o d u c i n g the s y m b o l f '(x), defined by 

f '(x) = f'(x) + Af5(x-Xo), (51) 

one can w r i t e Eq . 50 in the f o r m 

Tb fh 
/ f(x)9 '(x) dx = - I f ' ( x )9 (x )dx . (52) 

J a J a 
The above d e r i v a t i o n is con ta ined in m o r e de ta i l in Ref. 9. 

What E q s . 51 and 52 imp ly i s tha t , as far a s i n t e g r a t i o n by p a r t s 
wi th a con t inuous funct ion such as 9(x) i s c o n c e r n e d , the d e r i v a t i v e of a 
d i s c o n t i n u o u s function can be i n t e r p r e t e d a s a g e n e r a l i z e d function (or 
d i s t r i b u t i o n ) ; and the t i l de on f' i s in tended to i nd i ca t e exp l ic i t ly tha t it i s 
a g e n e r a l i z e d funct ion . Of c o u r s e , f'(x) wh ich a p p e a r s in Eq . 51 is the u s u a l 
d e r i v a t i v e of the d i s con t i nuous function f(x); it e x i s t s and is we l l defined for 
a l l x € [ a , b ] , excep t for xg. Th i s i n t e r p r e t a t i o n of the d e r i v a t i v e of a d i s c o n ­
t inuous funct ion a s a g e n e r a l i z e d function e n a b l e s one to p r e s e r v e Eq. 52, 
wh ich o t h e r w i s e is va l id only for cont inuous func t ions . But only wi th t e s t 
funct ions 9(x) t h a t a r e con t inuous , d i f f e r en t i ab l e , e t c . * is Eq . 51 va l id . 

J ^ ^ " glx)60() dx. 

. l i t , .0.1 » i n q continuous but not alller.ntl.We at x • 0. For .xsmpl., glxl ma, ha.e a -corner" at > • 0, In «hlch case te derlvatl.e Is dlsconllnuous al X • 0. In 

S S i , h « . v " one loses tne dirlerentlablllt, properties mat socn Inner products ha.e. This means Ihal Integrals ol the lorm 

[*~ gUl6'U) dx 

(.here S'U) Is the derlntHe ol the delta luncllonl are then meaningless. When glxl Is Inllnltely dlllerentlable, such integrals are ineanlnglul «l lh derl»atl»es ol 61x1 

ol any order.^ 8ut when glxl Itself is discontinuous at x • 0, Ihe Integral 

j [ * " glxl6lxl dx 

is meaningless. 



M o r e o v e r , even in that c a s e , Eq. 51 is meaningfu l only when u s e d in the 
inner p roduc t* of Eq. 52 and cannot be given a po in twi se i n t e r p r e t a t i o n . 
That i s , if one has an i n t e g r a l of the f o r m 

/9(x)f ' (x) dx, 

whe re f(x) is d iscont inuous , one cannot s imp ly r e p l a c e f'(x) by f ' (x). Th i s 
IS p r e c i s e l y what is impl ied in Ref. 3, p . 622, and it i s for t h i s r e a s o n that 
the mean ing l e s s i n t eg ra l a r i s e s . That the po in twise i n t e r p r e t a t i o n of Eq . 51 
is wrong was i l l u s t r a t e d with Eq. 46, which led to a m e a n i n g l e s s i n t e g r a l . 
The following example shows that it a l so l eads to c o n t r a d i c t i o n s . 

Cons ider the i n t e g r a l 

/ e'(x - Xo) dx. 

Clea r ly , this is z e r o b e c a u s e 6 '(x-Xo) = 0 for a l l x excep t Xg. If, howeve r , 
one uses Eq. 51 for the de r iva t i ve , one finds 6 ' (x-Xo) = 6(x-Xo) and 

+0J 

6(x - Xg) dx 

which is a con t rad ic t ion . 

Having e s t ab l i shed that the iden t i f ica t ion of the d e r i v a t i v e s of d i scon­
tinuous functions with del ta functions is mean ingfu l only in the contex t of in­
tegra t ion by p a r t s with infini tely d i f fe ren t iab le t e s t func t ions , one is t e m p t e d 
to ask whether d iscont inuous t e s t funct ions migh t be inc luded . F o r the 
answer , one has to go back to Eq . 47. If 9(x) a l s o had a j u m p d i scon t inu i ty 
at Xg, Eq. 47 would r e a d 

Tb Tb 
/ f ( x ) 9 ' ( x ) dx = - ( f + c p + - f - c p - ) - / 9 ( x ) f ' ( x ) d x , (53) 

and t h i s i s a s f a r a s o n e c a n g o . T h u s , E q . 51 i s n o t a p p l i c a b l e i n t h i s c a s e . 
I n s t e a d , one h a s t o w o r k w i t h E q . 53 w i t h o u t d e l t a f u n c t i o n s , a n d t h i s i s w h a t 
w a s d o n e m t h e s e c o n d s e c t i o n of t h i s r e p o r t . 

*Strictly speaking, the defining equation of the cierivative of a discontinuous functionl" f(x) is Eq 52 which 
IS often written as <f(x), .^(x)> = .< f (x ) , f(x)>. Then, Eq. 51 is just a way of computing t~'(x)'that the 
above equation defines. Similarly the second derivative is defined by < f"{x), <|)(x)> = <f(x), <t,"(x)> 
and so on. 
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For some purposes, one can assign an a rb i t ra ry value to a discon­
tinuous function at the point of discontinuity. For example, in the theory of 
Fourier s e r i e s , it is natural and convenient to assign the value "Kf +f"). 
One must be aware, however, that this freedom does not exist in Eq. 47, If 
one attempts to apply Eq. 47 for the case in which both f(x) and 9(x) are dis­
continuous at XQ, by assigning to 9(xo) say the value 2-(9''' + 9"), a contradic­
tion will resul t . This can be shown by integrating the right side of Eq. 47 
by par t s once more . The resulting contradiction is 

(9+-9-)(f+ + f-) = (9+ + 9-)(f+-f-) . (54) 

This equation obviously is not valid for arb i t rary discontinuous functions 
f(x) and 9(x). 

It has been suggested in Ref. 3 (p. 631), and a calculation presumably 
supporting the suggestion has been given, that one can "demand" that the 
integral 

/

+ C0 

e(x)6(x) dx 
OS 

be meaningful and furthermore that integration by parts be valid. The asso­
ciated calculation leads to the value 1/2. In that calculation, integration by 
par ts is performed by using 9'(x) = 6(x). This leads to the relation 

r+co /'+C0 

/ 9(x)6(x) dx = 1 - 1 9(x)9'(x)dx. (55) 

Replacing then 9'(x) by 6(x), one is led to the value p = 1/2. 

But one could also observe that the integral 

/ 9(x)9'(x) dx. 

in the right-hand side of Eq. 55 is well defined and equal to zero. Then 
Eq. 55 would give 3 = 1. Moreover, if the pointwise interpretation of the 
relation 9'(x) = 6(x) were valid, one could write 

B = / 9(x)6(x) dx = / 9(x)9'(x)dx = 0. (56) 

The last two values, 1 and 0 for g, contradict the value 1/2 found in Ref, 3 
and subsequently used in Ref. 8. 
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Thus the same manipulations lead to different values for g depend­
ing on the sequence of the manipulations. F i r s t of all, integration by par t s 
of the integral 

' ' +CO 

9(x)6(x) dx. 

as performed in Ref. 3, would not be allowed even if 6(x) were replaced by 
a continuous function, because in that case one would lose surface t e rms 
arising from the discontinuity of e(x) at x = 0 (see Eq. 47). Of course, the 
presence of the delta function, complicates matters even more, and integra­
tion by parts simply is not permitted. But the crux of the matter is that no 
meaning can be given to the integral 

"+00 

e(x)6(x) dx. 

In connection with this problem, the reader is also referred to an erudite 
analysis from a somewhat different viewpoint by Bremermann and Durand n 

The conclusion therefore is that sectionally continuous functions can 
be used in functionals of the type given in Eqs. 1 and 2, without giving r ise 
to divergences. Moreover, the meaningless (or ambiguous) integrals that 
have appeared in the literature are due to improper use of the delta function. 
As has been shown, the introduction of delta functions is neither appropriate 
nor necessary. 
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